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ABSTRACT
We solve for the angular motion of the relativistic simple pendulum driven by uniform driving forces of
two distinct types: gravity and a uniform electric field. In both cases, we calculate and plot the angular
motion of the pendulum in time. We also find the period of the pendulum as a function of its amplitude.
While these two relativistic pendula do not differ greatly in their motion, the motion of each type of
relativistic pendulum differs significantly from the classical large amplitude pendulum. The classical
and relativistic pendula differ greatly in the period vs amplitude characteristics. We also calculated the
period of each type of pendulum in the non-inertial frame of the pendulum itself. For a given ampli-
tude, the period in the non-inertial frame is less than that determined in the stationary frame.

one can find the period of the pendulum as a function of
he proper amplitude by reducing the equations of motion
H'quadrature. This can be done both in a stationary
inertial reference frame and the non-inertial reference
frame of the pendulum mass itself.

INTRODUCTION
One of the basic mechanics problems than an undergra(i
ate physics or engineering major learns to solve is the
motion of a simple pendulurh. Initially, the pendulum
problem is solved assuming that the amplitude is small,
resulting in simple harmonic motion. Later on, the SIUde%tQUATION OF MOTION OF THE RELATIVISTIC
learns to solve Newton'’s law determining the motion of PENDULUM
the pendulum for arbitrary amplitudea nonlinear '
differential equation whose solution is found in terms of

elliptic functions. A plane simple pendulum of mass carrying charge, is

supported by a massless rod of proper lengths shown

. o . in Figure 1. The pendulum is released from rest with
The solution of the generalization of Newton’s second Ia\‘yespect to a fixed support (the origin of the inertial
to account for the relativistic motion of a pendulum

requires no essentially new techniques, but the resultin reference frame ‘O’) from angular positig(0) =A as
quire tally ques, Ymeasured from the verticalV(v) is a spatially uniform
equations are a bit difficult to solve than those for the

, .force in ‘O’ in the—y direction.
classical case. There are two such pendula whose motions

are distinguished from one another by the nature of the

uniform force which drives the pendulum: a constant In reference frame 'O’, Newton’s second law is

gravitational field interacting with the mass at the end of Q(m \7y) =T+W() , (1)
the pendulum or a constant electric field interacting with a dt
charged mass at the end of the pendulum. In both casesyhereT is the tension in the rod and
- 1
= . 2
Y v1-v?c? @)

Taking the derivative in equation 1 and taking the cross
roduct of each term in Equation 1 with the position of
e mass with respect to the origin of the ‘O’ reference

iCSf.rame yields:

Eric is a senior physics major at the University of
Southern Mississippi. This research was begun dyrin
his Junior year. He is currently finishing up his last
semester of study for the bachelor’s degree in phyg . R
He is considering graduate work in physics next ydar. my fxv+my? xv=rxW(), 3

In his very skimpy spare time, he can be found where the overdot denoted differentiation with respect to
skateboarding and playing Dungeons and Dragons. time. Since the tension in the rod is along the rod:




THE JOURNAL OF UNDERGRADUATE RESEARCH IN PHYSICS

13

VOL 16, #1
y
0 A
." x
L ) R
9 T
-
" A
r
L e R
"""" W)
Figure 1

Schematic diagram of the pendulum showing the forces as

We note in passing that Equation 11 reduces to the
equation governing the non-relativistic pendulum as
v/c-> 0 and the driving force replaced W= mg

It is convenient to introduce a dimensionless time variable:
n=¢t (12)

Changing the variables according to Equation 12, Equation
11 becomes:

NI}

sin) (13

M@ ooy
- mc2 (ﬁ)
Equation 13 determines the motion of the pendulum in the
reference frame ‘O’ due to an arbitrary driving fowév).
While the equation is nonlinear, it is still an autonomous
differential equation which can be reduced to quadrature
by standard techniques.We solve Equation 13 for the

two special cases of the driving force and determine the
angular motion and period in each case.

MOTION AND PERIOD

determined in the inertial frame stationary with respect tqqtion

the suspension point of the pendulum. The z direction
points out of the diagram.

rxT=0, 4

The remaining vector products are computed using the

directions shown in Figure 1:

F x W(V) =—L W(V) sin(6) 2
P x(my v)=my Lv2 (5)
fX(my\;/) =myLvV2,
wherez is the unit vector in the z-direction. The third
equation in Equation 5 follows from the identity:

d d
Fxv= dt(rxv) dt(LvZ) (6)
Inserting Equation 5 into equation 3 yields:
vy +yv=-"{ dn(e) ™
Differentiating Equation 2 with respect to time gives:
V=5V ®)
Putting Equation 8 into Equation 7 gives:
yv=-"1% sine). ©)

To bring Equation 9 into a more standard form, the
dependent variable is changed fra(t) to 6(t). Sincevis
the tangential velocity of the mass, it is related to the
angular position by:

v=L0O and v=L8 (10)
Substituting Equation 10 into Equation 9 :
« W() .
:—# sn(e)(l—LCf’) (11)

There are two distinct motions of the relativistic pendu-
lum. The first type is driven by a uniform gravitational
field. This field is effectively velocity dependent because
the effective gravitational mass of the pendultifte= my.
Thus the driving force takes on the form:

W(v) =mgy(-y) (14)
The second type of relativistic pendulum is driven by a
uniform, constant electric fields. Because the total
chargeq is a Lorentz invariant scalar, this fordees not
depend on the speed of the pendulum. Ignoring any
radiation due to the acceleration of the charged pendulum,
the driving force becomes:

W(v) =qE(-Y) (15)
The equations of motion for each of these special cases
follow from Equation 13 by inserting the appropriate form
of the driving force (Equations 14 and 15). The gravity
driven pendulum equation is denoted(®) and the
electric field driven pendulum equation {&):

40— sine) (1—(%)2) . ©

dn
d’e do :
= sm(e)(l—(dn)) NG (16)
where we have defined the constarty:
_mglL
K= me ©)
_QEL
= © (17)

To numerically solve Equation 16 f6(n), we convert
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these equations of motion to two systems of first-order zo7
differential equations:

de _ 181
a9 _q
n

dQ _ 161
dn - F(6,Q) , (18)

where the ‘forcing function” , B Q) is:

14+

FO.Q) =-ksin®) (1-9% , (G)

F(6,Q) =—ksin®) (1-Q% , (E) (19) o}

The coupled first order differential equations, Equations 18
determiningd(n) were solved using the second-order
Runge-Kutta approximation in MAPLEV ™. The
numerical solutions for generated using this method are  ° 05 1 L : 25 3
plotted in Figure 2. We chose the amplitude, A = 3 radians Figure 3

anotlj_ the constamt :dl in both calses. The ?/aluel_ofg\: 3 Period of the pendulum vs amplitude: non-relativistic,
radians corresponds to a very large initial amplitude, so %NR); relativistic gravity driven, (G); relativistic electric

even in the non-relativistic case, the equation of motion i eld driven, (E). The vertical axis is the dimensionless
period that is determined with respect to a stationary

nonlinear. Three cases for these initial parameters are
shown in Figure 2, both Qr|_v|ng fo.rce.s in the rglatlwstlc inertial frame.
case and the non-relativistic gravitationally driven

pendulum. There is a significant difference between the explicit. Thus, we make a change of the dependent

relativistic and non-relativistic motion, but with the variable:

parametek = 1, there is not a great difference between the

gravity driven and electric field driven relativistic pendula Q(0) = de

over the entire period of the motion. dn
@:@:@@:Qd& (20)

Period dn? dn  db dn de’

The equations of motion, Equations 16, are autonomous

. \ . X . ; In this new dependent variable, the Equations 16 become:
differential equations, the independent variable is not P q

094 -_«sn@)[1-97, (G

Theta vs. Eta, A=3, K=1 ddg B 3
Q@:—Ksin(e) [1-Q7%2, (E) (22)

’ R Equations 21 are separable and thus may be integrated.
Recalling the initial condition8(0) =A andQ(6(0)) = 0,

2f we obtain for the first integral:
d8 _ o= ‘

o=0a=- 1-exp[2K{cos(A)—cos(e)}],(G)
90-0=—/1-[1+K{co(e) —cos(A)}]_z‘ € (22
dn '

10 20

The periodP, is obtained by one more integration of

ad N g o/ fe Equations 22:

rA

o}
P=4 do ., ©

], /1= exp[z k {cos (A) - cos(e)}]

rA
Figure 2

Angular position (in radians) of the pendulum vs time: p=4 doé -, (B) (23

non-relativistic, (NR); relativistic gravity driven, (G); 1_[ 1+ {c0s (6) — Cos(A)}]ﬁ

relativistic electric field driven, (E). The horizontal axis is Jo

the dimensionless timg= ct/L. This time is that
determined with respect to a stationary inertial frame.
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The integrals in Equations 23 were evaluated using

Gaussian quadratur@.Figure 3 is a plot of the period The period in the frame of the pendulum can now be found
obtained from Equations 23 for each type of pendulum fdoy integrating Equation 25 with respect to the vari&ble

a range of amplitudes from 0 to 3 radians and a value of Explicit expressions foW(0) , given in Equations 22, are
=1. For comparison, we also plot period for the same substituted into Equation 25, resulting in:

amplitude ranges for the non-relativistic pendulum. The
period,P, does not differ greatly between the two types of A
relativistic pendula, but the periods of these two pendula exp [K { cos (A) — cos (6)} ]
do differ from the period of the classical pendulum with P=4
the same amplitude. In both relativistic cases, the period is || 1—exp{2 k {cos(A) —009(9)}]
somewhat larger than the classical value. This is the case
ecause the effective relativistic mass is greater than its
classical couinterpart. P=4 de (B (26)

|1+ {cos (8) — cos(A)} ]’2 _1

.de, (G)

Period in the Reference Frame of the Pendulum Bob Jo

The period values thus far calculated are those determinggde integrals in Equations 25 were again evaluated using
by observers at rest with respect to the pendulum suppoaussian quadrature and the numerical results plotted in
reference frame ‘O’. Itis possible to calculate the periodrigure 4. The curves represent the period vs amplitude lie
as determined by observers who are riding in the non- \ye|| below the corresponding curves for the non-

inertial reference frame of the pendulum mass itself. Thige|ativistic pendulum. The two period curves, derived

calculation is accomplished by working in an inertial ~  from the different driving forces, are somewhat more
reference frame which is moving instantaneously with thgeparated than the corresponding curves determined for the
pendulum mass at some fixed instant of time. An inertial frame ‘O".
infinitesimal interval of time in this frame is related to the
infinitesimal interval of time in the ‘O’ frame by: SUMMARY
ot V(1) We have e_xtended the concept of t_he simple plane
dr=5 =1/ 1—? dt, (24)  pendulum into the relativistic domain. There are two

istinct forms of the simple plane pendulum as
istinguished by the nature of the force that drives the
pendulum. The difference arises because the gravitational
driving force is velocity dependent, while the electric
do=/1-Q*n) dn=+1-Q%8) % _ (25) driving force is independent of velocity. We solve the

equations of motion numerically and calculated the
amplitude dependence of the period of each pendulum
type in both an inertial frame and in a reference frame
moving with the pendulum.

wherev(t) is the instantaneous velocity of the pendulum ia
the ‘O’ frame. Changing the variable as defined in
Equation 20, dimensionless proper time, decomes:

The solution of the relativistic pendulum required no
essentially new techniques. The resulting equations are
only a bit more difficult to solve than those in the classical
case. It surprised us somewhat that we were unable to
locate the explicit solutions to the angular motion of the
relativistic pendulum. A literature search revealed explicit
solutions of the equation of motion for the relativistic
simple harmonic oscillator in one dimensigrswhich is
one component of the two-dimensional motion of the
plane pendulum. However, we did not find an explicit
solution for the angular motion of such a plane relativistic
pendulum. We also found that there remains considerable
interest in the pendulum in both relativistic and general

¢ O i s 3 2’5 H relativistic contexts?
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